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Black holes and spin-0 fields are not easily mixed. Asymptotically 
flat black holes do not admit canonically coupled KG fields: 

Abstract: We formulate a new ``no-hair'' theorem for black holes in 
general relativity which rules out a multicomponent scalar field dressing 
of any asymptotically flat, static, spherically symmetric black hole. The 
field is assumed to be minimally coupled to gravity, and to bear a non-
negative energy density as seen by any observer, but its field Lagrangian 
need not be quadratic in the field derivatives. The proof centers on 
energy-momentum conservation and the Einstein equations. One kind of 
field ruled out is the Higgs field with a double (or multiple) well potential. 
The theorem is also proved for scalar-tensor gravity.  
   
J.D. Bekenstein, Novel 'no scalar hair' theorem for black holes, Phys. 
Rev. D51 (1995) 6608. 



Even noncanonical fields have a hard time coupling to black holes: 

Abstract: We study the existence of black holes with a noncanonical 
scalar field as a matter source. We prove a simple no-hair theorem which 
rules out the existence of stationary, asymptotically flat black holes 
possessing scalar hair for a wide class of noncanonical scalar field 
theories. This applies to scalar field theories which are of the form of K-
essence theories. In particular, we rule out the existence of such black holes 
in the ghost condensate model, and in large sectors of the dilatonic ghost 
condensate and Dirac-Born-Infeld models. 
[Nonexistence of black holes with noncanonical scalar fields, A.A.H. Graham, 
R. Jha, Phys.Rev. D92 (2015) 6, 069901. arXiv:1401.8203] 



Since it is so difficult to couple scalar fields and gravity, 
one can consider the converse the problem: 

Instead of trying to dress some spacetime geometry with 
a matter field, start from a stable nontrivial solution 
(soliton or instanton), and then switch on gravity. 

Take a topologically stable solution (kink) in a nonlinear 
field theory like the σÐmodel or Skyrme system. Can it be  
made into a consistent (self-gravitating) solution of the 
Einstein Equations? 



This idea would appeal to Einstein, who disliked 
singularities and believed particles to be little lumps of 
matter fields floating in a regular spacetime geometry. 

The problem is not trivial: the Tµν of the lump is not 
negligible and the geometry enters the particle equation 

Can this be done consistently? 

Analogy with Coulomb Ð RN Solution 



MEN WANTED FOR HAZARDOUS 
JOURNEY 

SMALL WAGES, BITTER COLD,  
LONG MONTHS OF COMPLETE 
DARKNESS, CONSTANT DANGER,  
SAFE RETURN DOUBTFUL.  
HONOUR AND RECOGNITION IN 
CASE OF SUCCESS. 

ERNEST SHACKLETON       4 Burlington St. 

Add appeared in a London newspaper, Dec. 29, 1912.  
  Some 5,000 people responded, including 3 women. 

Nobody said that exciting life was also easy ... 
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Maurer-Cartan forms 
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  Maurer-­Cartan	
  	
  	
  forms: 

 ISO(1,3), then 

C.	
  Callan,	
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  Coleman,	
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  Zumino	
  (1969).....	
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L1 = " ablalb ,

L2 = #gTr 12 g
µ$AµA$[ ],

L3 = Tr [Aµ ,A$ ][A
µ ,A$ ][ ],

Generalizations: 

...	
  etc 
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Can	
  MC	
  forms	
  be	
  used	
  as	
  actions	
  in	
  higher	
  dimensions?	
  

What	
  is	
  the	
  default	
  action	
  for	
  a	
  generic	
  MC	
  form?	
  

Can	
  the	
  MC	
  forms	
  consistently	
  couple	
  to	
  gravity?	
  

Many researchers discussed these questions in the last four decades 

Weinberg, Stelle, West, Adkins-Nappi-Witten, Gomis, ... 
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Skyrmions 



Skyrme model (1961) 

  The winding number is 

  where     is the degree of the map                                          . 

  If            ,      cannot be Ògauged awayÓ: Skyrmion. 

  For             the system is a nonlinear sigma model. 
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gµ#Aµ A# + $
16
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Manton (1987):  G=SU(2),          

Static Skyrmion: Imposing                     for               effectively 
compactifies the spatial section  R3 into S3, and spacetime becomes 
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M 4 = R×S3I 
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SU(2) " S3€ 

U(x)∈ SU(2)
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M 4 :   ds2 = " dt2 +#0
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Skyrme model (1961) 

Skyrme eq.: 

Manton-Ruback solution: 

Here                are coordinates on  S3. 

This is the natural mapping between the 3-sphere of the 
spatial section and the group manifold of SU(2): 
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∇µ Aµ + λ
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[Aν , fµν ][ ] = 0 ,   fµν ≡ [Aµ ,Aν ]
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n0 = cos" ,   ni = r i sin" ,
r i = (sin# cos$, sin#sin$, cos#)
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J = i
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Switching on Gravity 



The Skyrme stress-energy tensor is  

For the Skyrmion solution,   

This distribution is static, has S3 symmetry, and so it might 
not disrupt the background geometry too much ... 

Can this solution be made self-gravitating?  
(Can it consistently couple to gravity?)  
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Gµν −Λgµν = κTµν
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2
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For a spacetime with metric  

the Skyrme equation is still solved by 

where 

with               coordinates on SU(2)~S3, and 

It can be directly checked that the winding number again is 

! 

M 4 :   ds2 = " dt 2 +#0
2[(d$+cos%d&)2 +(d%2 +sin2%d&2)]
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Y0 =  cos"  , Yi =  ni #sin"  ,

n1 = sin$ cos%,  n2 = sin$ sin%, n3 = cos$  ,

! 

tan" = # A2 +B2 ,  tan$ = A
B ,  %= &+'

2
,

     A = cot(
2

,  B = cot &#'
2

.
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" = 1
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Substituting the metric  

 and              in EinsteinÕs equations implies: 

                                                                       (*) 

Hence, the radii      and        , of the spatial section and of  
the universe are fixed by the parameters of Einstein-
Skyrme action. 

N.B.: (*) requires                   and                          . 

! 

ds2 = " dt2 +#0
2[(d$+cos%d&)2 +(d%2 +sin2%d&2 )]

! 

Tµ"
Skyrmion

! 

" 0
2 = #K$

2%K$
,  & = 3(2%K$)2

8#K$

Can this solution be made to evolve in time? 
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" 0
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sign " = sign #! 

" #1/2
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Time-dependent self-gravitating 
Skyrmions 



Consider the time-dependent metric  

Remarkably, the Skyrmion U(x) of the static case is also a 
solution of the Skyrme equations in this case.  

The functions       and         satisfy equations of the form 

                                                          [classical mechanics!] 

Each solution of these equations corresponds to certain 
cosmology sourced by the Skyrmion. 
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ds2 = −dt 2 +ρ 2(t)[a2(t)(dγ + cosθdφ)2 +dθ 2 + sin2θdφ 2 ]

Scaling Squashing 
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Although the general solution is still under study, we can 
identify a particular sector that corresponds to no 
squashing, a(t) = 1. In that case,  

This corresponds to the motion of a particle of unit mass 
in an effective potential 

with total energy  
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The physical regions are to the left of      and to the right 
of      . 
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An alternative is to reverse the signs of      and    , 
which would require                        .  
Then, the cosmology is bounded between      and      . 
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Wormholes 



ÒWickÓ rotation: 

One can redefine the the coordinates as  

Then the new metric becomes 

The spatial section is free of conical singularities if the 
NUT parameter is an even integer, and time is periodic: 

This is a stationary, Lorentzian, traversable wormhole that 
connects two asymptotic NUT-AdS regions for                . 
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Q = 2N

! 

t " iz

! 

" # $
New ÒradialÓ coordinate  
New time coordinate  

! 

ds2 = " 2(z)[#Q2(d$+cos%d&)2 +d%2 +sin2%d&2]+dz2.

! 

0 " # " 2N$

! 

z " ±#

Can this geometry support Skyrmions? 



The Skyrme equation 

can be solved in this geometry only for            (non-linear 
sigma model).  The solution is 

where 

and                                                                   

with 
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∇µ Aµ + λ
4

[Aν , fµν ][ ] = 0
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λ = 0

€ 

Y0 =  cosζ , Yi =  ni ⋅sinζ ,
n1 = sinΘcosΦ,  n2 = sinΘsinΦ, n3 = cosΘ .

€ 

tanζ = − A2 + B2 ,  tanΘ = A
B

,  Φ = φ+τ
2 ,! 

U(x) =Y 0(x)I+Y i (x)" i ,    

! 

A = cot "
2 ,  B = cot #$%
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The energy momentum of the Skyrmion is 

The Einstein eqs. are satisfied for            , if 

and                       .  The wormhole is supported by normal 
matter: positive energy, null and weak energy conditions. 
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Summary:	
  

Maurer-­‐Cartan	
   forms	
   and	
   their	
   generalizations	
   (nonlinear	
  
sigma	
  models,	
  Skyrme	
  system,...)	
  provide	
  interesting	
  actions	
  with	
  
rigid	
  SU(N)	
  symmetry	
  and	
  phenomenologically	
  useful.	
  	
  	
  	
  

Skyrmions	
   are	
   nontrivial	
   maps	
   connecting	
   the	
   spacetime	
  
manifold	
  and	
  the	
  group	
  manifold.	
  Self-­gravitating!	
  

	
   These	
   solutions	
   can	
   be	
   used	
   as	
   consistent	
   (self-­‐gravitating)	
  
sources	
  for	
  gravity	
  that	
  could	
  be	
  relevant	
  in	
  cosmology	
  baryonic	
  
stars.	
  	
  

If the facts don’t 
fit the theory,  
change the facts 

Obrigado ! 


